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Abstract 



We consider the nonlinear and nonlocal problem 



A 1/2 u = \u\ 



2»-2 



u in fi, u = on <9£1 



where Ai/ 2 represents the square root of the Laplacian in a bounded domain with zero Dirichlet 
boundary conditions, CI is a bounded smooth domain in M™, n > 2 and 2* = 2n/(n - 1) 
is the critical trace-Sobolev exponent. We assume that is annular-shaped, i.e., there exist 
R 2 > Ri > constants such that {x G K" s.t. R x < \x\ < R 2 } C Q and ^ O, 
and invariant under a group T of orthogonal transformations of W 1 without fixed points. We 
establish the existence of positive and multiple sing changing solutions in the two following 
cases: if R\ / R 2 is arbitrary and the minimal T-orbit of il is large enough, or if i?i / R 2 is small 
enough and T is arbitrary. 

1 Introduction 

We are interested on the existence of solutions to the problem 
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where Q, is a smooth bounded domain in M. n , n > 2 and 2" = 2n/(n — 1) is the critical trace- 
Sobolev exponent, and -Ai / 2 stands for the square root of the Laplacian — A in Q with zero bound- 
ary values on Q. The action of Au 2 can be defined as follows: let {Afc, VfcjfcLi denote the eigen- 
values and eigenfunctions of the Laplacian with zero Dirichlet boundary values on <9f2. Assume 
||( / 9fc|| i 2( K n) = 1. Then the square root of the Dirichlet Laplacian, denoted by Ai/ 2 ■ H l {£l) — > 
L 2 (Q), is given by 

oo oo 

u = ^2 c Wk >->■ Ay 2 U = ^ c k^l fk- 
k=l k=l 

Operators like A X j 2 , and in general fractions of the Laplacian, are infinitesimal generators of 
Levy stable diffusion processes and appear in anomalous diffusion in fluids, flame propagation, 
chemical reactions in liquids, geophysical fluid dynamics and american options. 

The local version of problem (Q]) that involves the Laplacian operator and the critical exponent 
is given by 

{—Au = \u\ 2 *~ 2 u in 
(2) 
u = on <90, 

where 2* := 2n/(n — 2) is the critical Sobolev exponent. Problem © has been widely studied. 
It is know that the existence of solutions depends on the domain O. If Q is strictly star-shaped, 
it was showed by Pohozaev [13] that §2} has no non-trivial solution. In O, Brezis and Nirenberg 
showed that by adding a small linear perturbation to the critical power nonlinearity compactness 
and existence of solution are both restored. The first existence results for nontrivial solutions was 
given by Coron [7] for a domain Q that has a small enough hole. Later Bahri and Coron HI showed 
that the same holds for holes of any size. In [6], Clapp and Weth extended Coron's result to show 
that if Q has a small enough hole, (121) has at least two solutions. Regarding sign changing solutions, 
existence is only know for domains with symmetries. The first of these type of results was given by 
Marchi and Pacella ifTTl . For symmetric domains with small holes existence was showed by Clapp 
and Weth [5], and Clapp and Pacella 0. In (4J they assume that O is annular-shaped, i.e., 

^ and !)D A Rl>R2 = {x £ R n such that Rx < \x\ < R 2 } 

for some < R\ < R 2 and invariant under the action of a group T of orthogonal transformations 
of W 1 . Under these assumptions Clapp and Pacella showed existence in the following two cases: if 
Ri /R 2 is arbitrary and the minimal T-orbit of O is large enough, or if R\ / R 2 is small enough and 
T is arbitrary. The multiplicity results of |@) are obtained by using the invariance of © under the 
group of Mobius transformations (see section 2 in li4l"). 

For the square root A X j 2 of the Laplacian, Tan established in lfl5l the nonexistence of classical 
solutions to (OQ) for star-shaped domains. In addition, Tan also showed in 031 a Brezis-Nirenberg 
type result for nonlinearities of the form f(u) = \u\ 2> ~ 2 u + fj,u, u > 0. In 0, Cabre and Tan 
studied existence, regularity and symmetry results for problem (Q} with power nonlinearities. In 
particular they showed a nonexistence Liouville result for bounded solutions of (Q]) in W 1 , or in 
R™ . The corresponding result for unbounded solutions, that is know for (0, is still open. 
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The aim of the present paper is to prove existence of solutions for (Q]). To this end we apply, 
adapted to our context, the variational principle for sign changing solutions developed in [4 ]. Using 
this method we obtain multiplicity results for £T|) similar to the ones given by Clapp and Pacella. 
This variational principle is based on standard variational methods combined with symmetry as- 
sumptions to increase the energy interval in which the Palais-Smale condition holds. At the core 
of the argument are some model functions in low energy finite dimensional spaces, which allow to 
produce multiple solutions. 

Now, we state our hypothesis on the domain. As in [4], we assume that U is annular-shaped and 
invariant under the action of a closed subgroup T of 0(n), that is, of the orthogonal transformations 
of W 1 . We denote by Tx := {'jx : 7 G T} the T-orbit of x G W 1 , by #Tx its cardinality, and let 

£ = £(T) := min{#r such that x£K" \ {0}}. 

We say that SI is T-invariant if Tx C £1 for every x G Q. A function u : Q, — > M is T-invariant if it 
is constant along every T-orbit. 
Now we state our main results: 

Theorem 1. Given < R\ < R 2 and m E N, there exist a positive integer £q, depending on m 
and R 2 / R\ such that, for every closed subgroup T of 0{n) with £(T) > £q and every T-invariant 
domain Q with 

O^Q and {x eR n : Ri< \x\ < R 2 } C 0, 

problem (Q]) has at least one positive T-invariant solution u\ andm—1 distinct pairs of T-invariant 
sign changing solutions ±U2, • • • , ±^ m - 

In our second main result we consider the existence of solutions for domains with a small hole. 

Theorem 2. Given 5 > there exist Rs such that: for every closed subgroup T of 0(n) with 
£ = £(T) > 2 and every T-invariant domain Q such that 

0<£n and {i£K™ : R\ < \x\ < R 2 } C n 

and 

< R 1 /R 2 < Rs, 

problem (Q~|) has at least one positive T-invariant solution u\ and I pairs of distinct T-invariant sign 
changing solutions ±U2, • • • , ±n^ + i. 

The proofs of Theorem[[]and Theorem|2]are based on the following result proved by Cabre and 
Tan [3]: the nonlocal problem (fl]) can be realized through a local problem in one more dimension. 
More precisely, denote the half-cylinder 

C = n x (0,oo) 

and its lateral boundary 

d L C = dQx (0,oo). 
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Then, if u is a function defined in Q, consider its harmonic extension v in C with v vanishing on 
diC, then A 1 / 2 is given by the Dirichlet to Newmann map on fl, u h-> f^|^ x | | of such harmonic 
extension over the cylinder C. Therefore, instead of £T|) we are lead to consider the following mixed 
boundary value problem 

{-Av = in C, 

v = on d L C, (3) 

|£ = \ u f- 2 u on fix {0}, 

where ^ is the unit outher normal to Q, x {0}. If v satisfies (0) then the trace u on Q, x {0} of i> is 
a solution of (Q]). As natural space for solutions of (O we consider 

Hl L (C) := {v G H 1 ^) such that t> = a.e. on d L C) . 

We denote by Tvq the trace operator on $7 x {0} for functions in Hq L (C), and consistently use the 
notation 

u = Tr Q (v) for H\ L {C). 

For further details on this representation and the involved functional spaces we refer to Q. 

Now we have to explain how we translate our assumptions on the domain $7 to the extended 
domain C. First, we say that C is an annular-shaped cylinder, if 

i C and CD A Ri ,r 2 := {(x,y) G : Ri < \x\ < R 2 ,y G [0,oo)} 

for some < Ri < R 2 . Second, we say that a closed subgroup T of 0(n) acts on the base of 

R^ 1 : = {( x , y ) c W n+1 such that x G MJ 1 , x G (0, oo)}, 

if for 7 G T and (x, y) G 

7(2;, 2/) = {ix,y). 

Hence, T(x,y) := ({7X s.t. 7 G T},y) denote its T-orbit and #T(x,y) = #Fx its cardinality 
Finally, we let 

£ = £(T) := min{#r s.t. (x,y) G \ {0}}. 

We say that C is T-invariant if y) C C for every (x, y) G C, that is, C is invariant under T 
acting on the base of the cylinder. As before, a function v is said to be T-invariant if it is constant 
on every T-orbit. 

Thus, TheoremUJand Theorem[2]are corollaries of the following results: 

Theorem 3. Given < R\ < R 2 and m G N, there exist a positive integer £q, depending on m 
and R2/R1 such that, for every closed subgroup T ofO(n) with £(T) > £q and every T-invariant 
and annular-shaped cylinder domain C with 

0(£C and {(x, y) G : R\ < \x\ < R 2 ,y G [0, 00)} C C, 

problem © has at least one positive T-invariant solution v\ and m—1 distinct pairs of T-invariant 
sign changing solutions ±t>2, . . . , ±w m . 
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Regarding the result of domains with a small hole we have: 

Theorem 4. Given 8 > there exist Rs such that: for every closed subgroup V of 0{n) with 
I = £(T) > 2 and every Y -invariant domain C such that 

0(£C and {(x, y) € R™ +1 : R\ < \x\ < R 2 ,y € [0, oo)} C C 

and 

< R 1 /R 2 < Rs, 

problem (f3]) has at least one positive T-invariant solution v\ and £ pairs of distinct Y -invariant sign 
changing solutions ±t>2, . . . , ±t^+i- 

Observe that the proofs given by Clapp and Pacella in Q, for the multiplicity results corre- 
sponding to Theorems [3] and Theorem 0] relay on Mobius invariance and in particular on inversion 
over spheres. In our context, due to the cylindrical shape of our domains, we can not use this inver- 
sion. Nevertheless, we manage to carry out the program of [4j by replacing inversion over spheres 
and Kelvin transform by dilations over cylinders and rescaling. 

The paper is organized as follows: in Section 2 we define the dilation invariance and construct 
some radially symmetric test functions with controlled energy (Lemma[2]). In Section 3 we prove 
the variational method for sign changing solutions of JH adaptaed to our context. In Section 4, we 
prove two compactness lemmas and Theorem [3] and Theorem |4] Finally, in the appendix we give 
the proof of Struwe's lemma (Lemma 3.3 Chapter III in lfT4lO adapted to our context. 



2 Dilation invariance and group action 

Let A > and <j> : ->■ be the dilation given by 4>(x,y) = (Ax, Ay). This Mobius 

transformation maps any cylinder C into its rescaled version <p(C) = AC. For v G Hq l (4>(C)) , we 
define G Hq L (C) by 

n— 1 

v^{x,y) := (det D<j> x )^r v(<j)(x,y)), (4) 

where det D(j) x is the Jacobian determinant of the transformation restricted to the x variables, that 
is (f> x (x) = Ax and det D<j) x = X n . The map v h- > is a linear isometry of L (<p(C)) = Hq l (C) 

and of L 2 \<t> x {Q)) = L 2 \tl), i.e., 

/ Vv^ ■ Vv^ dxdy = I Vv-Vvdxdy and / dx = / |ii| 2tl (ix (5) 

Jc Jd>(c) Jvl Jd> T (n) 



We write 

M 2 



:= / \Vv (x, y)\ 2 dxdy and \u\^ := / |ti| 2 dx 
Jc " Jn 

The solutions of (f3]) are critical points of the energy functional Jq : Hq L (C) — > R defined by 



Ja(v) := ^\\v\\ 2 - ^\u\f t . (6) 
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From the invariance ((5]> it follows that Jn(y^) = J^iq\{v). This property allow us to construct 
certain sign changing test functions, that will be important in the proof of our main theorems. 

Let G be a closed subgroup of 0(n), and assume that C is G-invariant on the base. Notice that 
in this case the orthogonal action of G on Hq L (C) is given by <pv := v^-i for every G G where 
v^-i is defined as in (0]). Let 

h o,l(Q G '■= {v G Hl L (C) such that fa = v for all <f> G G} 

be the subspace of Hq l (C) of G-invariant functions. Clearly, the functional Jq is G-invariant, 
and by the principle of symmetric criticality [16, Theorem 1.28], the restriction of Jq to the space 
Hq l (C) are solutions of ([3]). The nontrivial ones belong to the Nehari manifold 

N{Q) G := G Hl >L {C) G such that v ^ 0, \\v\\ 2 = \u\f^. 

If G = {Id} is the trivial group, then H^ L (C) G = H^ L (C) and N(Fl) G = Af(Q) is the usual 
Nehari manifold. In this case, 

inf { Jq(v) such that v G N(£l)} = — 5 n 2 =: Cqo, 

2n 

where is the best constant in the Sobolev trace inequality |[T0| for the embedding P 1,2 (R" +1 ) 
I? (M n ), where V 1 ' 2 (R'^ +1 ) denote the closure of the set of smooth functions compactly supported 
in with respect to the norm ||u>|| 2 = Ln+i | Vw(x, y)\ 2 dxdy. It is clear that this infimum 

does not depend on C and it is never attained for bounded f2. It was show in [9] that this infimum 
is achieved by functions of the form 

£ (n-l)/2 

U £ (x,y) 



n-l ' 
2 



\x - x \ 2 + (y + e) 2 ) 
where xq G W 1 and e > is arbitrary. In addition the best constant is 

(n - l)a 1 J n 
So- g , 

where a n is the volume of the n-dimensional sphere in R n+1 . If G is nontrivial, the infimum for 
bounded Q, might be attained. For example, if 

A = A Rl) R 2 := {(x, y) G : x G A Ri> r 2 and y G [0, oo)} 

where 

A = A RuR2 := {x G M. n : < R x < \x\ < R 2 }, 
and G = 0(n), then Hq L (AR lt R 2 ) becomes the space of radial functions and 

c(R u R 2 ) := inf [j Ari>R2 («) such that v G N(A Rl ,R 2 )° in) } 

is always attained. 

The next elementary lemma contains this result. 
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Lemma 1. Let n > 2, < Ri < R2 and C = An lt R 2 , there exist a radially symmetric, positive, 
classical solution solution of Q. 



Proof. Consider the energy functional 

j a( v ) '■= - —i" 



II 1 1 2 ^ I +12" 
-\\V\\ J It oB 

2 11 11 2 tt' l2 " 



restricted to I = {« £ iJp^^) : u = trn(v) is radially symmetric} and where as usual 
u + := max{0, u}. It is straight forward that Jj satisfies the assumptions of the mountain pass 
theorem. Thus, it only remains to prove the Palais-Smale condition. Let (v m ) m C X be such that 



d := sup J\(v m ) < 00 and DJj^(v m ) — > X', 

n 

where X' denotes the dual space of X. To show that (v m ) m is bounded, we compute 

o(l)(l + ||u ro ||) + 2d > 2J+(v m ) - {DJ+( 



1-1] \ U I 2 " — -k 

n 



2 (J / 1 I2S — m |"ml2J) 



where o(l) — > as n — > 00. Hence, 

2 

= 2j\{v m ) + ^|u m |2tt < 4d + o(l)||v, y - 
and (v m ) m is bounded. Hence, we may assume 

v m -± v mHl L {A). 

By the compactness of the embedding Tr^H^ L {A)) C L P (A) for every 1 < p < 00 in annular 
domains, we have 

u m = Tr n {v m )^u in L 2 \a). (7) 



„ m .-> |u| 2 »- 2 n inL 2 V(2»-i)(^). 



In turn, this imply that 

I "m I 

Now, we observe that 

\V{v m - v)\ 2 dxdy = {D,j\{v m )-Dj\(v),v m -v) 



A 



j , 11+ |2#— 2 + _ I +|2*— 2 
' I I l^ml ^m I" I 



u + ^j (u m — u) dx. 



Clearly, by weak convergence 

(DJ|(t) m ) - DJ\{v),v m - v) ->• 0, as m -> 00, 
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and from Holder inequality it follows 

J (\ u m\ 2t ~ 2u m ~ \u + \ 2t ~ 2 uj (u m -U)dx 

< I [ti^j 2 " -2 ^ — \u + \ 2i ~ 2 u\ q dx^j \u — u m \ 2i dx 

where q = 2"/ (2" — 1). Thus, from f7]) by letting m->oowe conclude that \\v m — v\\ — > 0. 

Finally, by the regularity theory (see [3] Section 3]) we find that v G C 2,a (A), and the maxi- 
mum principle (see also [3 , Section 4]) implies that v is positive in A. □ 

In the following lemma, we construct some radially symmetric test functions with controlled 
energy. These functions will be used in the proof of our main theorems. 

Lemma 2. Given < R% < R2 and m G N, there exist R\ =: Pq < P% < ■ ■ ■ < P m := R2 and 
positive radial functions uj\, . . . , uj m € J\f(An lj n 2 )°^ such that 

supp(oJi) C Ap it p i+1 and Ja{^%) = c(R\' m , R^ m ), i = l,...,m. 

Proof. Let A = (R 2 /Ri) 1/m and define P { = A*i?i, for i = 1, . . . ,m. Let <j> be the dilation by A, 
that is 

4>(x,y) = X(x,y). 

Now, fix a positive radial minimizer u\ of J a ^N{Ap Q ^p 1 )°^ n " > and define 

n — 1 

cj i+ i(x,y) := \~Ui{\x, Ay). 

Since (p(Ap i _ 1 .p i ) = Ap i; p i+1 , the invariance by dilations yields that W{ + \ is a positive radial 
minimizer of J A on Af(A Pi:Pi+1 ) 0( - n \ with J Ap . Pi+i (u i+1 ) = J Apq = c(P ,Pi). Finally, 

by rescaling, it follows easily that c(Pq, P\) = c(i?^ m , R^ m )- □ 

3 A variational principle for sign changing solutions 

In this section we prove a mountain pass lemma for sign changing solutions. The results in this 
section closely follow the ones of H Section 3] adapted to the present setting. For completeness 
we will quote all need results, and where no mayor changes are needed we refer to the proof given 
in 11. 

Let G be a closed subgroup of 0(n) and let C = x [0, 00) be an G-invariant on the base 
subset of M.l +1 . If v is a sign changing G -invariant solution of © it must lie in the set 

£ G := {v G M(n) G such that v + , v~ G M{Q) G } 
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where v + := max{0, v} and v := min{0,v}. Consider the negative gradient flow ip : Q — > 
Hl L {C) G of J n , defined by 

' %>(t,v) = -Z>J n (¥>(M))) 
, ¥>(0,u) = v, 

where := {(*,«), s.t. u G flJ L (C) G ,0 < t < T(v)} and T(v) G (0, oo] is the maximal 
existence time of the trajectory t i-> </?(£, u). We say that a subset V of L (C) G is strictly positive 
invariant under 99 if 

tp(t, v) G int(D) for every v G 2? and every t G (0, T(t>)) 

where int(D) denotes the interior of V in Hq L (C) G . If V is strictly positively invariant under ip, 
then the set 

J(V) := {t; G flJ L (C) G s.t ip(t, v) G P for some t G (0, 

is open in Hq L (C) G , and the time entrance map tt> : J(T>) — » E defined by 

rx.('u) := inf{i > s.t. tp(t, v) G V} 

is continuos. We write V G := {v G Hq L (C) g s.t. v > 0} for the convex cone of positive functions 
in Hq L (C) G and, for a > 0, we set 

£ Q CP G ) := {v G ^(C) s.t. dist( V ,P G ) < a}, 
where dist(v, J") := mi we j \\v — w\\. 

Lemma 3. There exists a > such that 

(a) [B a (V G )UB a (-T G )]n£ G = $ 

(b) B a (V G ) and B a (—V G ) are strictly invariant under ip. 

Proof. Now we give the argument for (a). For every v G Hq l {C) g , 

I -u 1 2 tt = min \u — Trn(w)\ 2 » < Sq 1 min \\v — w\\ = S'5" 1 dist(f , V G ), (8) 

where So is the best constant in the trace-Sobolev embedding L (E" +1 ) <^-» L 2t (E n ). Therefore, 
since inf^^G Jn > 0, there exist a such that dist(v, "P G ) > a for every u G £ G . Moreover, since 
£ G is symmetric with respect to the origin, dist(v, —V G ) = dist(— v, V G ) > a, and (a) follows. 

In order to prove (b), we only need to consider B a (V G ). The gradient DJq : Hq l (C) g — > 
ff 1 i (C) G is given by 

DJ n (v) = v-K(u), 
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where K(u) is the unique solution to 

-AK(u) = in C 

K(u) = on d L C 

-^K{u) = \uf- 2 u onftx{0}. 

That is, K(u) is determined by the relation 

(K(u), w) = / \u\ 2 ~ 2 u Trn(w) dx 
Jn 

for every w G Hq l (C). By the maximum principle (3j Lemma 4.1] 

K(u) G V G if v G V G , 

we recall that Tr^(v) = u > for every v G . Let w € Hq L (C) g and u> G "P be such that 
dist(t!,P G ) = || v — w\\. We find 

dist(K(u),V G )\\K(u)~\\ < \\K(u)~f = (K(u),K(u)-) 





J 

Jn 


u\ 2 2 uTtq(K(u) ) dx 


< 


J 

Jn 


u~\ 2> ~ 2 u~ Tr£i{K(u)~) dx 


< 


\u~ 


\l- l \Tr n (K(u)-)\ 2 , 


< 




-^st^,^) 2 *- 1 !!^)-!!. 



Hence, 

dist(K(u),V u ) < S^~ 1 dist(v,V L 
Then, given v < 1 there exist an ao > such that if a < ao, 

dist(K(u),V G ) < z^dist^,^) for every v G B a (V G ). 

Thus, K(u) G mt(B a (V G )) if v G B a (V G ). Since B a (V G ) is closed and convex, Theorem 5.2 in 
[ 8 ] implies 

u G B a (V G ) (p(t,v) G £ a (:P G ) for t G [0,T(v)). (9) 

To conclude the proof, by contradiction we assume that there exist v G B a (V G ) and t G (0, T(v)) 
such that u) G dB a (V G ). Mazur's separation theorem (see e.g. Theorem 2.219 in |[T2l ) gives 
the existence of a continuos linear functional L G (Hq L (C) )' and /3 > such that L(ip(t, v)) = f3 
and L(w) > /3. for v G int(S a (P G )). It follows 

(> L(<p(s, v)) = L(-DJ(y(t, «))) = L(if (p(t, u))) - /3 > 0. 



<9s 



s=t 



Hence, there exists e > such that L(tp(s, v)) < (3 for s G (i — e, i). Thus, i^(s, u) ^ B a (V ) for 
s G (i — e, t). This contradicts © and finish the proof. □ 
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Fix a > as in Lemma [3] Then Jq has no sign changing critical points in B a (T ) U 
5 Q (-P G ). Let J d := {w G ^(C) s.t. J n («) < d}. 

Corollary 1. If Jq has no changing critical points v G Hq L (C) G with Jq(v) = d, then the set 

T>f := B a {V G ) U B a (-V G ) U J d 
is strictly positively invariant under ip, and the map 

q : J(V G ) -)• , Qd {v) := cp(e V G(v),v) 

a 

is odd and continuous, and satisfies Qd{v) = v for every v G T> G . 

We will say that a subset y of Hq L (C) g is symmetric if — v € 3^ for every v £ y. 

Definition 1. Let T> and y be symmetric subsets of Hq L (C) G . The genus g(y, T>) ofy relative to 
T> is defined as the smallest number m such that y can be covered by m + 1 open symmetric subset 
Uo,Ui, . . . ,U m of Hq L (C) G such that: 

(i) y Pi V C Uq and there exists an odd continuous map $q : U$ ^ T> such that $o(v) = v for 

v eynv. 

(ii) there exist odd continuous maps i?j : Uj — > {1, —1} for every j = 1, . . . , m. 

If no such cover exists, we define g(y, V) = oo. 

If V = we write g(y) = g(y, 0) and as pointed in J4[ this is the usual Krasnoselskii genus. 
The set V is called a symmetric neighborhood retract if there exist a symmetric neighborhood U of 
V in Hq l (C) g and an odd continuous map g :U — > D such that g(v) = v for every w£P. 

Definition 2. Let T> C H be subsets of Hq L (C). We say that Jq satisfies (PS) C relative to T> in 
H, if every sequence (v m ) m in % such that 

v m ^V, Jn(v m ) ->■ c, DJ n (v m )^0, 

has a convergent subsequence. lfT> = %we simply say that Jq satisfies (PS) C in T~L. 

Set V G := B a (V G ) U B a (-V G ) U J c and define 

Cj := inf{c G E such that g(T> G ,V G ) > j}. 

Proposition 1. Assume Jq satisfies (PS) Cj relative to T> G in Hq l (C) g . Then, the following holds: 

(a) There exists a sign changing critical point v G Hq L (Q) G of Jq with Jq(v) = Cj. 

(b) If Cj+\ = Cj, then Jq has infinitely many sign changing critical points v G Hq l (C) g with 
Jq(v) = Cj. 
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Consequently, if Jq satisfies (PS) C reltive to D G in Hq L (C) G for every c < d, then Jq has at least 
g(D G ,T> G ) pairs of sign changing critical points v in Hq l (C) g with Jq(v) < d. 

Now, we state the mountain pass results for sign changing solutions. 

Theorem 5. Let W be a finite dimensional subspace of Hq L (C) G and let d := sup w Jq. If Jq 
satisfies (PS) C relative to V G in Hq l (C) g for every c < d, then Jq has at least dim(W) — 1 pairs 
of sign changing critical points v £ Hq{C) g with Jq(v) < d. 

For the proofs of Proposition Q] and Theorem|5]we refer to Proposition 3.6 and Theorem 3.7 in 

a. 

4 Existence of multiple solutions in annular-shaped domains 

Let T be a closed subgroup of 0(n), and let 

i := min{#rx : x£K" \ {0}} 

In the proof of our main theorems we need the two following compactness lemmas. 

Lemma 4. The energy functional Jq satisfies (PS) C in Hq L (C) r for every c < tc^. 

Proof. Arguing as in the proof of Lemma[T]we have that any (PS) C sequence (v m ) m is bounded. 
Thus, 



in ffJrCC), (10) 
u m ->> u° in L 2t (Q), (11) 

where last line follows from the first one and the trace-Sobolev inequality. Hence, 



w m = v m -v 







in HL(C). (12) 



We assume that w m -» in Hq L {C), otherwise there is nothing to proof. 
Now we proceed in two steps: 

Step 1 Thefuntion v° G l (C) is a weak solution of ©. Moreover, 

Jn(w m ) -> P < c - Coo and DJn(w m ) -)• 0. 
Indeed, in view of (fTOl and (fTTT > for any tp S C^° L (C) we obtain 

(DJn(v m ),<p) = / Vv m -Vip dxdy - / \u m \ 2i ~ 2 u m (p dx 



c Jtt 
Vv° ■ dxdy - [ \u°\ 2t - 2 u ip dx = {DJ n (v°), ip) = 0. 
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Hence, v° weakly solves Q. 

Because of ( fTOl ), (fTTT) and Vitali's theorem (see e.g. Ifl4l Theorem 1.4.2]) it follows 



L 



Vw m \ 2 dxdy 



|Vu m | dxdy 



J \Vv°\ 2 dxdy + o(l), 



\Tr n (w m )\ 2 * dx 



\u m \ 2> dx — / \u°\ 2> dx + o(l). 



where o(l) — > as m — > 00. Hence, 

^n(«>m) = Jn(v m ) - Jn(v°) + o(l), 

and 

DJ n (w m ) = DJ n (v m ) - DJ n (v°) + o(l) = o(l) 
where o(l) — )• in H^\(C). Therefore, 

^n(^m) < c- Coo, -DJnOm) -)•(), 

and the claim follows. 
Step 2 Conclusion. 

Let t; be a weak solution of © in any domain C' = Q! x [0, 00) C then 



Vv ■ Vcp dxdy 



\u\ 2t 2 ucp dx = 



for every ip 6 C£° L (C'). By approximation, we may choose 99 = i> to get 



= (DJ n (v),<p) = I \Vv\'dxdy 



\u\ 2> dx. 



Recalling the trace-Sobolev inequality 



cl |2 ^ i i|2 t 1 2" 



29' 



we get that any non-trivial critical point satisfies 

Jn(v) = 



1 M I |2« -> 1 



Cno > 0. 



(13) 



Under our symmetry assumptions, it follows from Lemma [6] in the Appendix, that there must 
exist zero, or at least I subsequences w 3 m , j = 1, . . . , t, such that, 

t 

Jn(v m ) > Jn(v°) + Mw j m ) + o(l), 
j=i 

where o(l) — )■ as m — > 00. Letting m->oowe find 

a contradiction with the assumption c < icoo. □ 
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Lemma 5. If I > 2 the there exist Eq > such that Jq satisfies (PS) C relative to £>q in Hq L (C) r 
for every c < (£ + l)coo + e . 

Proof. Let e £ (0, Cqo] and (v m ) m be a sequence such that 

■u m ^ X>o > Jn(v m ) ->■ c < {I + l)coo + e , DJn(v m ) -> 0. 

By contradiction assume that (v m ) m has no convergent subsequence. We claim that there exist I 
sequences (w 3 m) m , j = 1, • • • , (■ with 

w 3 m {x,y) = ( J R^)V w °( J R^(a;-x^), J R^y) (14) 
where u° > (or w° < 0) is a weak solution of © in either or in and such that 



E 

i=i 



0. 



(15) 



Assuming the claim for a moment we conclude the proof. From ( fT5l ) we have that 

dist(u m , 7> r U -V T ) ^ as m -» oo, 

contradicting the fact that u m ^ Dq . Hence, the conclusion of the lemma follows. 

Now we prove our claim. By symmetry of the problem, from Lemma[6]in the Appendix, there 
exist at least I sequences {uP m )m sucn that (fl4l holds and cu° is a weak solution of (O in either 
or in RTt . Now, to show that that u° > (or equivalently u° < 0), we decompose the 
solution lo° into its positive and negative parts 



u> + + u>°_, 



where u± = ± max{±cj°, 0}. Upon testing ® with lu± from the trace-Sobolev inequality (Q3 
we find Jq(u±) > Cqq. Hence, 

Jn(oJ°) = J n (w+) + Jn(w° ) > 2 Coo . 

Because invariance under rescaling and symmetry, we have 

Jo.{v m ) -4 c > £J^(o; ) > 2^Coo as m -4 oo. 

But, in turn this imply that 

2^ Coo <(£ + l) Coo + e < (1 + 2) Coo . 
Thus £ < 2, a contradiction. Hence, either = or uj°_ = 0. 
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Finally, we only need to show (fl"5l) . Assume by contradiction that 

t 

v m -^2w 3 m ^0 in Hl L (C). 
3=1 

Hence, on the one hand side, we may apply Lemma [6] to conclude that there exist a solution z° of 
(0) and a sequence z m = (i? m )"r z° (R m (x — x 3 m ),R m y) such that 

/ « \ 

Jg \vm-y^wL-Zm] = Jn(v m ) - £Jq(u°) - J n (z°) + o(l) 

< + l)Coo + £ - + l)Coo < Coo. 

Thus, by Lemma [6l we find 

I 

v m -^2u? m -z m ^-0 in Hl L [C). (16) 

i=i 

On the other hand side, because the symmetry assumptions, there must exist I sequences (l?m)m, 
j = 1, . . . , £ (all of them generated by z°), such that 

Jn ( % - - Y, ^rn ) = Mvtn) ~ " £7n(*°) + o(l) 

— C £-Coo ^ (2 ^)Coo ^ Cqo- 

Thus, 

£ e 

Vm-Ys^m-Y;*™^ 111 ^(C). (IV) 
3=1 3=1 

Because of the symmetry, combining ([TBI and (fTTT ). we have 

z? m -> in ffi £ (C) 

for every j = 1, ...,£, a contradiction. Hence, (fT5l) and the lemma follows. □ 

Now we can give the proofs of our main theorems: 
Proof of Theorem\3\ Let 

£0 := — mc(R\^ m , R^ m ) and ui, . . . , uj m € 7V(Sl) r 

Coo 

be positive radial functions as in Lemma [2] 
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Let Wk ■= spanjwi, . . . , w^} be the vector space generated by the first k functions ui, . . . , ujk- 
Since for % ^ j the functions uji and ojj have disjoint support, they are orthogonal in Hq L {C) v . 
Thus, dim Wk = k. 

Because uix, . . . , uj m G A/"(f2) r , for each k = 1, . . . , m we have 

max < y^max J$i{tuji) < kc{R l J m ^R^™) < ^o c oo- 
1=1 

By assumption £ > £q, then 



max Jq < icoo 
w k 

and Lemma |4] implies that 

inf J 

7V(n) r 

is attained at a positive solution v\ G N{£l) T with 

^(^i)<c(< m ,< m ). 

Moreover, Theorem [5] and Lemma [5] yield the existence of m — 1 distinct pairs of sign changing 
critical points ±V2, ■ ■ ■ , ±f m G A/"(0) r of Jn with 

and this finishes the proof. □ 

Proof of Theorem^ Let £o G (0, Cqo) be as in Lemma [5] Assume without loss of generality that 
5 < £o- Due to the dilation invariance of Jq, c{R\,R2) = c{R\/R2, 1) and it is easy to see that 

c(R, 1) -» Coo as R -> 0. 

Therefore, there exist i?5 such that 

c^p.tff 1 ) < Coo + ^ if flx/ife < R 5 . 

As in the proof of Theorem[3]let Wk := spanjwi, . . . , Uk} be the space generated by ui, . . . , cjfc. 
As before dim Wk = k, and for each k = 1, ...,£+ 1, 



i i 



max J < max J(icJi) < kc(R[ +1 , R% +1 ) < ^c^ + 5 < (t + l)^ + e - 
i=i 

Since £ > 2, we have that Jn(wi) < Cqo + 5 < Ic^. Thus, on the one hand side, Lemma |4] yields 
the existence of a positive solution v\ G J\f(Q) r with Jq(vi) < + 5. 

On the other hand side, Theorem [5] and Lemma [5] gives the existence of £ distinct pairs of sign 
changing critical points ±V2, • • • , ±W£ + i G A/"(f2) r of Jq with 

Jn(«fc) < fccoo + 5, k = 2, ...,£ + 1, 
and this finishes the proof. □ 
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5 Appendix 



This appendix is devoted to prove Struwe's lemma (see Lemma 3.3 Chapter III in |[T4l ) in the 
context of problem ((3]>. As mentioned in the introduction, a Liouville theorem in all of R" for 
unbounded solutions of £T|) is still an open question. Since this theorem is part of the ingredients 
needed in the proof Struwe's lemma, we don't achieve its full strength. Nevertheless, for our 
purposes the version below happens to be enough. 

Lemma 6. Assume (w m ) m is a (P.S.) C sequence for Jq in Hq l (C) such that w m — weakly 
in Hq l (C) . Then, there exist sequences (x m ) m C (R m )m of raddi R m — > oo (as m — > oo), 
a nontrivial solution lo° of ® in R" +1 , or in K^ 1 , and a (P.S.)p sequence (w m )mfor Jq in 
Hq l (C) such that for a subsequence (w m ) m it holds 

n-l 

w m = w m -Rm 2 u°(R m (- - x m ),R m y) weakly in H] L (C). (18) 

Furthermore, 

Mwm) -+P = c- J q (lj ) in Hl L {C). (19) 

Finally, 

if J(i(wm) ->■ c < Coo then w m ->• in Hq L (C). (20) 



Proof. First, we give the argument for (l20b . Assuming J(w m ) — > c < Cqo, because w m is a (PS) C 
sequence and w m — ^ weakly, we have 

(DJ(w m ),w m ) = \\w m \\ 2 - \w m \ll -)• 



Thus, we may assume 
By the trace-Sobolev inequality, we have 



Wm\\ 2 — > ft and | | git ~~ * ft- (21) 



ll^mll 2 > Sol^ml^. 

ft n—1 n—1 

Hence b > Sob 2 / 2 and either b = or b > S Q 2 . Assuming the latter b > S 2 , we obtain 

1 1 \ »=i /l 1 \ 
2-2T K £ 2-21 ) b «~ 



a contradiction. Thus 6 = and (1201 follows from (I2T|) . 

Second, we present the argument for (fT8T > and (fT9l . If Tr^(w m ) — > in L 2 * (0), arguing as in 
the proof of Lemma[T]we conclude that w m — » in Hq l (C), and there is nothing to prove. Hence, 

we assume Tr^i(w m ) -p> in L 2> (fi). Thus 

/ |Trn(w n )| 2tt d2r > 5 for some <5e(0,Coo). 
^0 
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We define the Levy concentration function 

Q m (r) := sup / \Tr n (w m )\ 2> dx. 

x<ER n J B(x,r) 

Since Q m {0) = and Q m (oo) > 5 there exist a subsequence of (w m ) m , sequences (x m ) m and 
{Rm)m such that x m G Q, R m > and 



\Tn(w m )\ 2t l dx. 



S = sup / \T n (w m )\ 2> dx = I 

xm n JB(x,R m ) JB(x m ,R m ) 

In view of w m — ^ it follows that R m — > oo as m — >■ oo. 
Now, letting 

1 — n 

u m (x,y) := {R m )^~w m {x/R m -\-x m ,y/R m ), 
its is clear, due to the scaling invariance, that 

5 = sup / \T n {um)\ 2i dx = / |To(o; m )| 2,l (ix. 



x€R n JB(x,l) •/ -8(0,1) 

Moreover, we may assume 

w m w° in ff 1 ^^ 1 ), 
w m a.e. in R!J: +1 . 

We claim that 



0. (22) 



Indeed, let us define O m := {x G M ra such that x/R m + x m G f2}, C m := Q m x [0, oo), and 
fm G #o,l(C) such that 

(DJn(w m ),h) = J V/ m • V/i dxciy for every /i G Hq ^C). 

l-n 

Thus, # m (aj, y) := fl m 2 f m {x/R m + x m ,y/R m ) satisfies 

(DJ n (w m ),h) = / Vg m -Vhdxdy for every /i G i?Q L (C m ). (23) 
Because w m — 1 in L (C) and the scaling invariance, we get 

/ |V 9m | 2 da;d2/ = / \Vf m \ 2 dxdy = o(l). (24) 



Wn ^0inL 2 oc (IR"+ 1 ). (25) 



Now, we show (|22l) by contradiction. Assume oj = 0, thus 

2 
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Let h 6 C C 0C (M" +1 ) be such that supp h C B + ((x, y), 1) = {(a?, y) G B((x, y), 1) s.t. y > 0} C 



C+ 1 for some (x, y) G E™ +1 and \h\ < 1. We find 



/ |V(/iw m )| 2 (ix(iy = / Vuj m ■ V(h 2 uj m )dxdy + I \ Vh\ 2 \uj m \ 2 dxdy 

J Cm " Cm C m 



< 



Vg m • V(huj m )h dxdy + / Vg m ■ V ' h{hoj m )dxdy +o(l) 



< 2/ \V(hoJ m )\ 2 dxdy + ^ f \Vg m \ 2 dxdy + o(l) 

** Cm «* Cm 



where in the last line we have used |/i| < 1, and the Cauchy inequality. Hence, 

-2 /Trpn- 



Vw m ^0 in LL(K" +1 ). (26) 



Now, we claim 

|rr n H| 2 *|r^M| 2 dx<5 _l f / iTrnMl^xV f / |V(^)| 2 cte^ ,(27) 

\Jsuppu. / \JR^ +1 / 

for every ip G C C °°(IR" +1 ), w G ^ 1 (M" +1 ). 
Indeed, Holder inequality implies that 

'/ Vol /o-'|.7V<>( s) -dx < ([ \TMw)fdxY([ \Tr n (w<p)\ 2l dx 

VJsupp w J \JR n 

and it suffices to use the trace-Sobolev inequality to get (l27l) . 

Combining d26b and ( f27T > we conclude that Tro(w m ) — s> in L 2 ^ c (M n ). But this is a contradic- 
tion with the assumption 5 > 0. Hence, (l22l follows. 

Now, we let 

w m = w m - Rm 2 UJ°(R m (- - x m ),R m y) 

and 

fioo = lim Q m . 

m— >oo 

By construction w m — in JTq ^(C), and it is easy to see that we have two possibilities: 

— ]R n or ~ 2^4_ ■ 
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In either case, we may proceed as in the proof of Step 1 to show that w° is a weak solution of (O 

in Coo =J! m x [0,oo), 

Jn(w m ) = Jn(w m ) - Jq(w°) + o(l) -> c-Jn(w°), 

and 

DJn(w m ) 0, 

as claimed. □ 
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